We use our numerical model of mode instability to analyze the influences of spontaneous thermal Rayleigh scattering (sTRS) and laser gain saturation on instability threshold powers. sTRS is stronger than the quantum noise used as the seed power for stimulated thermal Rayleigh scattering in previous studies, so the threshold is reduced by 15-25% with sTRS seeding. Gain saturation is strong in any efficient amplifier and we show how it can be exploited to raise instability thresholds be a factor of two or more while staying below the stimulated Brillouin threshold.
INTRODUCTION
In the eternal quest for more power from Yb 3+ -doped fiber amplifiers, a new obstacle was recently encountered -modal instability. It was found that above a sharp threshold power, the output beam quality was severely degraded due to coupling of light out of the fundamental mode into higher order modes. 1 This was soon explained as stimulated thermal Rayleigh scattering (STRS). 2 In the STRS process, a small amount of Stokes shifted light in a higher order mode is exponentially amplified due to mode coupling by a moving temperature grating. STRS threshold is defined as 1% of the signal light in the Stokes-shifted higher order mode. Subsequently, numerical models of STRS were developed that appear to agree well with observations of both the Stokes frequency shifts and the threshold powers. Some of these models assume steady-periodic operation, 2-8 while others allow for transient, non-periodic behavior. [9] [10] [11] According to the steady-periodic models, the STRS gain for higher order modes in a step-index fiber has a frequency dependence similar to the one illustrated in Fig. 1 . LP 11 typically has the highest gain, and is the higher order mode that appears suddenly at the instability threshold. The fundamental mode LP 01 and higher order mode LP 11 are displayed in Fig. 2 .
Using the steady-periodic numerical models, several effects have been shown to raise or lower the threshold. Processes that lower the threshold include: amplitude modulation of the input signal or the pump, combined with accidental seeding of the higher order mode; 3, 6 linear absorption of the signal (due to photodarkening for example). 12 Thresholds can be raised by preferential radiative loss of the higher order modes. 12 In this paper, we add two additional effects that impact the threshold: spontaneous thermal Rayleigh scattering and gain saturation. Before we describe these two effects in detail, we will briefly review the physics of STRS, the process responsible for modal instability.
STIMULATED THERMAL RAYLEIGH SCATTERING
In a step-index, Yb 3+ -doped fiber amplifier with large mode area, several transverse modes are supported. Because these transverse modes have different propagation constants, a superposition of modes leads to a longitudinal irradiance grating caused by interference of the modal fields. This irradiance grating leads to a grating of the population of the upper lasing level. The upper state population fraction in the steady state limit is given by where P p is the pump power, the σ are cross-sections, ν p is the pump wavelength, h is Planck's constant, A p is the pump cladding area, I s is the signal irradiance, ν s is the signal irradiance, and τ is the upper state ion lifetime. Because σ a s σ e s in the normal signal wavelength range, regions of high signal irradiance correspond to regions of reduced upper state population fraction. Reduced upper state population fraction, in turn, leads to higher pump absorption and stronger quantum defect heating. The temperature grating resulting from quantum defect heating load creates a refractive index grating via the thermo-optic effect.
If the irradiance grating is stationary, the temperature grating is in phase with the irradiance grating and cannot transfer power between modes. 2 However, if the interfering modes differ in frequency, the irradiance grating moves along the fiber and the temperature grating lags behind it, so there is a phase shift between the irradiance and refractive index gratings. This phase shift causes power transfer between the two modes.
A variety of sources can seed the frequency-shifted Stokes light in the higher order mode, including amplitude noise of the pump or input signal. In the absence of this AM noise, quantum noise and spontaneous thermal Rayleigh scattering still act as seeds.
SPONTANEOUS THERMAL RAYLEIGH SCATTERING
Spontaneous thermal Rayleigh scattering (sTRS) is described in detail in Ref. [13] . sTRS scatters light between fiber modes due to thermal fluctuations in the fiber core. To qualitatively explain sTRS coupling between modes LP 01 and LP 11 , we divide the core of a short length of the fiber into two semicircular cylinders and assume these two volumes exchange energy, causing a fluctuating temperature difference between the two. This temperature difference causes a refractive index tilt which leads to a fluctuating power transfer between LP 01 and LP 11 .
Because this fluctuation occurs on a time scale comparable to the thermal diffusion time across the core, it leads to frequency shifts in the scattered light comparable to the Stokes shift of highest STRS gain (see Fig. 3 ). The frequency of maximum STRS gain is largely determined by the thermal diffusion time and the spatial profiles of the two interacting modes. For example, based on extensive STRS modeling, we find that for a fixed numerical aperture N A = 0.054 and assuming coupling between LP 01 and LP 11 , the frequency of maximum STRS gain as a function of effective area of the fundamental mode is given by
where A eff is the effective area. 14 The qualitative description of sTRS coupling outlined above can be made quantitative with a more formal model as in Ref. [13] . Specifically, the time averaged power scattered into LP 11 from LP 01 in the frequency band ∆ω after propagating half a beat length is
where k o is the vacuum wave number, α is the thermo-optic coefficient, L B is the beat length. S(ω) is the spectral scattering function. Figure 3 shows S(ω) for several core diameters, with star symbols indicating frequency of maximum gain in each case (given by Eq. (2)). As the figure shows, smaller diameter cores have larger values of S(ω) at the starred locations. Based on these values, we derive the rule of thumb that the power coupled from LP 01 to LP 11 per beat length is nearly the same for large mode area fibers of different core diameter. In fact, the quantity S(ω M )ω M L 2 B is approximately constant with value given by
Assuming that only the power scattered into LP 11 near the frequency of maximum gain effectively seeds STRS to affect the threshold power, and approximating the effective gain bandwidth by ∆ω ≈ 0.1ω M , then ∆P 11 ≈ 4 × 10 −16 P 01 . At the input end of a fiber amplifier, then, the coupling from the fundamental LP 01 to frequencyshifted LP 11 is on the order of one femtowatt per beat length, assuming LP 01 power on the order of 10W, and assuming the input end of the fiber is near room temperature. The effective seed due to scattered light from several beat lengths is perhaps 100 femtowatts, which is larger than the quantum noise (hν∆ν) by a factor of 100-1000. This will lower the threshold by 15%-25% relative to the threshold computed for quantum noise seeding. If the input end is hotter than room temperature, this power is increased by (T /300) 2 since S(ω) is proportional to T 2 . 
UPPER STATE POPULATION SATURATION
sTRS reduces the threshold by a limited amount because it affects the seed power but not the STRS gain. The STRS gain depends on both the magnitude and shape of the refractive index grating, and population saturation changes both the total heating and the shape of the heat load, and thus of the refractive index grating. This reduces the STRS gain coefficient and has a much larger impact on the threshold power than sTRS. 5 show the evolution of the powers in co-and counter-pumped configurations, respectively. Also depicted are spatial profiles of the upper state population at three points along the fiber. In both co-and counter-pumped amplifiers, population saturation substantially influences the heat deposition profiles, which are shown in more detail in Figs. 6 and 7 which depict separately the symmetric and anti-symmetric profiles of the heat deposition. The anti-symmetric portion is responsible for STRS coupling between LP 01 and LP 11 .
Figures 4 and
The degree of population saturation strongly depends on the ratio of pump irradiance to signal irradiance. Therefore, pump claddings of larger diameter are much more saturated. This saturation influences the normalized STRS gain χ 15 χ = g strs g s P s .
This quantity is plotted as a function of Z for co-and counter-pumped fibers in Fig. 8 . The dashed lines near the top of the plots show the gain that would apply if the heating profile were forced to match the unsaturated profile. The green dashed curves show the actual gain in the presence of saturation for the co-pumped case; the blue curve shows the same for the counter-pumped case. For both co-and counter-pumped amplifiers, the gain is substantially reduced by saturation, as indicated by the reduced values of χ . The gain reduction is substantially greater for the larger pump cladding (lower plot) because of stronger population saturation. Figure 9 shows the threshold for four cases with saturation taken into account. The two lowest curves are for fully-doped cores and demonstrate that the threshold is quite similar for co-and counter-pumped amplifiers, with a threshold increase by a factor of roughly 3 achieved by increasing the pump cladding diameter from 100 µm to 500 µm. The two upper curves are for co-pumped fiber with confined doping. As the diameter of the doped region decreases, the STRS threshold increases for all pump cladding diameters. As the pump cladding diameter increases or the doping diameter decreases, the length of the fiber required to achieve high efficiency increases. Because longer fibers are more susceptible to stimulated Brillouin scattering (SBS), the question arises whether the benefit of larger pump cladding or restricted doping still applies. Using a fixed criterion for the SBS threshold gain, we showed that STRS threshold increases by factors of 3-4 still apply for both fully doped and partially doped cores. 15 Fig. 4 except the amplifier is counter-pumped instead of co-pumped. The threshold powers are slightly different for co-and counter-pumped cases.
THRESHOLD TRENDS
The threshold of modal instability can be altered via the seed level in the Stokes-shifted higher order mode or via the STRS gain coefficient. Based on a threshold gain of roughly 150-170 dB, a factor of two change in the Figure 6 . Normalized symmetric part of the heat profile (upper plot) and antisymmetric oscillatory portion of the heat profile (lower plot) for same co-pumped fiber at the same three z locations indicated in Fig. 4 . Near the input end the symmetric heat profile closely resembles the LP01 irradiance profile, while the oscillatory part resembles the product of the fields of LP01 and LP11. Farther along the fiber the symmetric part of the heat profile becomes nearly flat topped while the antisymmetric part is strongly suppressed near the center (x = 0). seed power corresponds to only approximately a 2% change in the threshold power, whereas a factor of two in the STRS gain coefficient corresponds to a factor of two in threshold power. Below, we mention several effects that influence thresholds, starting with those that contribute to the seed strength.
Seed Effects
In our past models, we have used as a standard seed quantum noise with a power of hν∆ν, where hν is the photon energy and ∆ν is the bandwidth of the STRS gain, typically a few hundred hertz. This level of seeding produces the highest physically realistic threshold.
One source of added seed light is amplitude modulation of the pump or input signal coupled with accidental seeding of the higher order mode. In both cases, it is the Stokes-shifted AM sideband of LP 11 that counts. In the absence of signal modulation or pump amplitude modulation, accidental seeding of the higher order mode produces only a static irradiance (and refractive index) grating which does not affect threshold power. Further, although pure phase modulation also produces sidebands no amplitude modulation is present and the threshold power is unaffected. 6, 16 As discussed above, spontaneous thermal Rayleigh scattering (sTRS) can also seed stimulated thermal Rayleigh scattering (STRS). sTRS is proportional to the square of the temperature, so cooling the signal input end of the fiber should reduce sTRS and raise the threshold slightly.
STRS Gain Coefficient Effects
STRS gain can be increased by signal absorption. The heat deposition profile would follow the irradiance profile for linear absorption, which might be produced from photodarkening or impurities. This process is another STRS process, with absorptive heating replacing quantum defect heating. A small level of absorptive heating can dramatically reduce threshold power. 15 As we have discussed in section 4, population saturation can also strongly affect STRS gain by altering the shape of heat deposition. The degree of saturation is influenced by the pump cladding size, pump wavelength (and cross-section). This can increase the threshold by factors of three or more.
The heat deposition profile may be altered by factors as well. For instance, the doping profile can be manipulated either via simple doping diameter restriction, or selectively doping different segments of the fiber. 17 In general, reducing the magnitude of refractive index grating increases threshold. This can be achieved through minimizing the quantum defect -the energy difference between pump and signal photons. Alternatively, increasing thermal conductivity reduces the temperature rise and will likewise increase threshold.
Changing the spatial profile of the modes also affects STRS gain. This might be exploited by altering the overlap of the modes through delocalization of modes in photonic crystal fiber. 18 Changing between co-and counter-pump configurations can take advantage of the small difference in threshold powers for the two configurations.
Mode specific radiative losses, which don't contribute to heating, can also effectively alter the STRS threshold by introducing LP 11 loss which counters STRS gain. 15 Methods of effecting mode specific loss include bending the fiber, and photonic crystal fiber design. Co−pumped d dope =40µm
Co−pumped d dope =30µm
No Saturation Figure 9 . Output signal powers at the instability threshold for different pump cladding diameters (100, 200, 300, 400, 500 µm). The parameters: dcore = 50 µm, λp = 976 nm, λs = 1032 nm, signal seed powers are 10 W in LP01 and 10 −16 W in LP11. The lengths of the fibers are adjusted the minimum value necessary to achieve high efficiency, defined as pump absorption > 0.95. The solid curve at 345 W indicates the threshold computed in the limit of no population saturation.
